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Abstract. In this paper, the author strengthens the previous known hardness for 
approximating Minimum Unique Game Problem, 5/4 - 6, by proving that Min 
2Lin-2 is NP-hard to be approximated within 2 - e assuming a variation of Feige's 
Hypothesis, which claims that refuting Unbalanced Biased Max 3X0R is NP- 
hard on average on a natural distribution. 

In Unique Game Problem (UGP), we are given a graph G - {V, E), and a set of labels, 
[k]. Each edge e - (u, v) in the graph is equipped with a permutation Tig : [k] — > [k]. 
The solution of the problem is a labeling f '■ V [k] that assigns a label to each 
vertex of G. An edge e - (u, v) is said to be satisfied under / if ne{f{u)) - /(v). The 
goal of the problem is to find a labeling such that the number of the satisfied edges 
under this labeling is maximized. The value of the instance Val(I) is defined as the 
maximum fraction of the satisfied edges under all labeling. In the same situation of 
UGP, the goal of Minimum Unique Game Problem (Min UGP) is to find a labeling such 
that the number of the unsatisfied edges under this labeling is minimized. The value of 
the instance ValiJ) is defined as the minimum fraction of the unsatisfied edges under all 
labelling. 

The Unique Game Conjecture (UGC)\\\ states: for every (,5 > 0, there is a ^ = 
k{^, 6) such that given an instance / of UGP with k labels it is NP-hard to distinguish 
whether Val{I) > 1 - ^ or Val{I) < 6. The (c, s)-approximation NP-hardness of UGP 
is defined as: for some fixed < < c < 1, there is a A: such that given an instance / 
of UGP with k labels it is NP-hard to distinguish whether Val{I) > c or Val{I) < s + e 
for any e > 0. The (c', s')-approximation NP-hardness of Min UGP is defined as: for 
some fixed < c' < i' < 1, there is a A; such that given an instance / of Min UGP with 
k labels it is NP-hard to distinguish whether ValiJ) > s' - e ot Val(I) < c' + e for any 
e>0. 

In the paper|4|, the authors show a new point of (1/2, 3/8)-approximation NP- 
hardness of UGP, which is an improvement of previously known (3/4, 1 l/16)-appro- 
ximation NP-hardness of UGP|2 1. Their result determines a two-dimensional region of 
for (c, s)-approximation NP-hardness of UGP, namely, the triangle with the three ver- 
tices (0, 0), (1/2, 3/8), and (1,1). All known points of (c, .s)-approximation NP-hardness 
of UGP are in the triangle, plus an inferior bump area near the origin by |3 1. However, 
the best known hardness for approximating Min UGP is still 5/4 - e despite all the 
efforts. It would be interesting to answer the question whether we can further enlarge 
the hardness gap of Min UGP. 



In this paper, the author strengthens the previous known hardness for approximating 
Min UGP, 5/4 - e, by proving that Min 2Lin-2 is NP-hard to approximate within 2 - e 
assuming a variation of Feige's Hypothesis, which claims that refuting Unbalanced 
Biased Max 3XOR is NP-hard on average on a natural distribution. In Fig. 1, the red 
area is the known region of (c, i)-approximation NP-hardness of UGP, the yellow area 
is the region of (c, .s)-approximation NP-hardness of UGP assuming the variation of 
Feige's Hypothesis. 
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Fig. 1. illustration of (c, ^)-approximation NP-hardness of UGP 



In Max 2Lin-2, we are given a set of linear equations over GF2- Each equation 
contains exactly two variables. The goal of the problem is to seek an assignment of the 
variables such that the number of satisfied equations is maximized. In the same situation 
of Max 2-Lin-2, the goal of Min 2Lin-2 is to seek an assignment of the variables such 
that the number of unsatisfied equations is minimized. 

In Max 3X0R, we are given a set of XOR clauses, each clause contains exactly three 
literals. The goal of the problem is to seek an assignment of the Boolean variables such 
that the number of satisfied clauses is maximized. In Unbalanced Biased Max 3X0R, 
the fraction of negative occurrence of each variable is exactly /3 < 1/3, which is called 
balance of the instance. In addition, the domain of the variables is restricted such that 
the fraction of variables assigned to is no more than y < (3, which is called bias of 
the instance. In this paper, we consider the average complexity of random Unbalanced 
Biased Max 3XOR on a natural distribution, and put forward a variation of Feige's 
Hvpothesis |5i6il . 



Conjecture 1. For every fixed e > Q, for A a sufficiently large constant independent of 
n, assuming NPi^ P, there is no polynomial time algorithm that refutes most (3-balanced 
y-biased Max 3X0R formulas with n variables andm — An clauses, but never refutes a 
\ - e satisfiable formula. 

Theorem 1. Conjecture 1 holds for Q < y < j3 < 1/3 implies (c' , s')-approximation 
NP-hardness of Min UGP for c' ^ ^(fi + y - 2/3y) and s' ^ - + j3^. 

Proof. We use the three-dimensional cube gadget that is similar to the gadgets used by 
authors of^U\. 

Let /i ffi ^2 ffi ^3 = 1 be a clause in the formula of Max 3XOR, where is either 
a variable x, or its negation x,-, for ; - 1, 2, 3. The set of equations we construct have 
variables at the corners of a three-dimensional cube, which take value 1 or - 1 . For each 
a € {0, 1}"^, we have a variable Vq.. The variable vooo is replaced by w taking value 1. We 
let Ml take the place of vqh, U2 the place of vioi, and uj, the place of vno. where m,- = 1 
if Xi - 1, and m,- = -1 if x, = 0. For each edge (w, a) of the cube, we have the equation 
wva - -1. For each edge (m,, a) of the cube, we have the equation m,Vq, = -1 if is 
positive, and the equation u/Va - 1 if U is negative, for all / = 1, 2, 3. 

If all Z, are satisfied in the clause, we assign Va the value (-l)«i+«2+«3 ^jj ^jjg twelve 
edge equation are satisfied and left no equation unsatisfied. Otherwise, an enumera- 
tion establishes that is only possible to satisfy nine equations and left three equations 
unsatisfied. 

Given a y6-balanced y-biased Max 3XOR formula ^ with 1 - e satisfiable clauses, 
we show in the following paragraphs that at least \ - ^{Ji + y — 2/3y) - e fraction of 
clauses in have all the three literals satisfied. 

On average, each positive literal has 3(1 - /I)A appearance in 0, and each negative 
literal has 3/3A appearance in cp. When A is large enough, standard bounds on large 
deviations show that with high probability, all but an e fraction of the occurrences of 
positive literals correspond to positive literals that appear between (3{l-/3)+e)A times in 
(p, and all but an e fraction of the occurrences of negative literals correspond to negative 
literals that appear between (3/3 + e)A times in 0. 

If this does hold, observe that every y-biased assignment t// does not satisfy on 
average at most 3Q3(1 - y) -h y(l -/?)) + e variables per clauses in 4>- It then follows that 
at most 3/2(/?(l - y) + y(l - p)) + e clauses have exactly one literal satisfied by i/r. 

For random j6-balanced y-biased Max 3XOR formulas, it can be proven by standard 
technique that with high probabihty that only (1 - fif + 3/3^(1 - /3) + e clauses are 
satisfied, and at least 3jS(l -yS)^ + 0^ - e clauses are unsatisfied. 

Now we reduce a formula of y6-balanced y-biased Max 3XOR to an instance of Min 
2-Lin-2 using the gadget introduced above. If the formula is 1 - e satisfiable, then the 
value of the instance of Min 2-Lin-2 is at most \{Ji + y - 2py) + e. If the the formula is 
random, then with high probability the value of the instance of Min 2-Lin-2 is at least 

Corollary 1. Conjecture 1 holds for arbitrarily small /3 and y implies Min UGP is NP- 
hard to be approximated within 2 - e. 
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